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We study the dynamics of self-propelled chains with the excluded volume interaction via the
Brownian dynamics simulation, in which the bending elasticity of chains is varied. The changes of
the bending elasticity lead to various characteristics of the clustering behavior in the short-chain-
only system. When a long self-propelled chain is mixed with these short chains, it can fold into
the spiral-coil, a steadily rotating spiral conformation, either at a high density of short chains or
at a low density if the long chain itself is sufficiently flexible. Our results qualitatively support the
speculation on that the formation of the spiral-coil in the swarm of Vibrio alginolyticus is triggered
by collisions from the clusters of the shorter bacteria.
I. INTRODUCTION
Collective locomotion such as bird flocks, fish schools
and insect swarms is a common phenomenon in Na-
ture. These beings autonomously travel together in a
synchronous manner as if they were coordinated by in-
telligent communication [1]. In simpler unicellular organ-
isms, however, such collective behavior is also observed
[2]. They are believed to rely on various cues and complex
regulatory networks to achieve the coordination [3]. In
the past few decades, this phenomenon has drawn a lot of
attention from computational biologists, physicists, mi-
crobiologists and engineers for attempting to understand
its origins and for the potential applications to technol-
ogy [4].
Among these researchers, Vicsek et al. are usually con-
sidered as the pioneers to explore the physical properties
of such systems [5]. Additional to the agent-based rules
that replicate the flocking behavior, the novelty of their
model lies in the inclusion of a noise term, representing
errors of agents’ following the neighboring agents. This
noise term and the density of the agents are crucial to
the ferromagnetism-like phase transition. In the later re-
search, self-propelled rods are extensively investigated for
that they naturally achieve the alignment as the Vicsek
model by the excluded volume interaction [6–9]. Self-
propelled particles/rods are known to feature (i) giant
fluctuations of local density [10] and (ii) scale-free distri-
bution of cluster sizes [11–13]. These systems are often
compared with the experiments of bacterial locomotion
as the minimal models because of the shape of the bac-
teria and the observed collective locomotion.
However, there is a great deal of diversity in terms of
morphology and motility among bacterial species. As a
result, rich dynamics different from self-propelled rods
can be found in many living systems. The swarm of Vib-
rio alginolyticus is one of such examples. While colonized
on rich semi-solid surfaces, V. alginolyticus cells elongate
∗ namnatur@gmail.com
and express lateral flagella (transforming from monotric-
hous to peritrichous flagellation) for rapid surface motil-
ity [14, 15]. Therefore, at a high density these bacteria
show active and dynamical patterns such as turbulence-
like patterns [3, 16]. More importantly, the bacteria be-
have as having finite bending modulus rather than like
rigid rods.
The mechanical properties of cell walls of certain bac-
terial species have been investigated in the literature. For
instance, the longitudinal Young’s modulus of the cell en-
velope of Escherichia coli is determined as 50–150 MPa
[17], corresponding to a persistence length in the order
of 10–100 m if the bacterium were an isotropic rod in
thermal equilibrium at room temperature [18]. Since V.
alginolyticus is also a Gram-negative germ like E. coli,
one would expect that its cell envelope should have a sim-
ilar Young’s modulus despite that no such measurement
upon V. alginolyticus has been reported. Nevertheless,
bending with a radius of curvature in the order of 10–100
µm has been observed in the swarm of V. alginolyticus,
especially during a collision between bacteria [19]. The
severe bending implies that some energy in the swarm
must be transfered through collisions and temporarily
stored in the form of elastic bending energy. Therefore,
the bending elasticity of the cell envelope shall play a
role in the in-plane rotational dynamics and the forma-
tion of clusters among the bacteria. Meanwhile, some of
the very long bacteria (> 100 µm) in the swarm fold into
an ordered, compact conformation called the spiral-coil
[19] in spite of the stiff cell envelope. It is speculated
that the onset of forming the spiral-coil is triggered by
collision events from a number of clusters formed by the
shorter bacteria.
Consequently, the bending elasticity and the number
density of the bacteria would be the key factors that
could determine the properties of clusters and in turn
to influence the process of forming the spiral-coil in the
swarm. In order to systematically investigate their ef-
fects upon the dynamics, it is most convenient to employ
numerical simulation of self-propelled chains to represent
the bacteria, and these two factors can be treated as pa-
rameters and easily tuned in the simulation.
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2Recently self-propelled semiflexible filaments have
been numerically investigated [20, 21]. These studies fo-
cus on monodisperse system and examine how the ac-
tive transportation and the bending elasticity result in
various phases of patterns, including a phase of rotating
spiral-coils. The long-tailed distribution in length of the
swarming V. alginolyticus [19], however, may lead to dif-
ferent dynamical behavior from the monodisperse coun-
terpart. For example, as we shall show below, the clus-
ter sizes formed in the short-chain-only system is scale
free. With the presence of a single long chain in the
mixture system, on the other hand, this long chain intro-
duces a specific length scale in the system and it changes
the collective behavior of the short chains. In order to
understand the formation of the spiral-coil in the bac-
terial swarm, we investigate a bidisperse system of self-
propelled chains, of which one is long and the others are
short, as the simplest representative example of the real
bacterial swarm.
In this article we report the findings from the Brown-
ian dynamics simulation of this bidisperse system. In
the simulation each self-propelled chain is represented
by linked beads moving through a viscous medium in a
quasi-two-dimensional space, and the excluded volume
interaction is the sole interaction between the chains.
Specifically, we examine the generic properties of a group
of short chains, and the spiral-coil formation in a mix-
ture of a single long chain with the background short
chains, whose bending modulus is deliberately fixed. The
clusters formed by these chains are identified by the al-
gorithm, density-based spatial clustering of applications
with noise (DBSCAN) [22].
The simulation results demonstrate that the spiral-coil
is indeed spontaneously formed among the polar, self-
propelled chains due to the combination of the steric
interactions between the chains and their collective lo-
comotion. The occurrence of such a conformation de-
pends on the bending modulus of the long chain and the
number density of the background short chains. At a
low density the flexible long chain can easily fold into
the spiral-coil due to its serpentine locomotion, but the
semiflexible one only slightly deviates from the rod-like
shape. On the other hand, at a high density there is no
obvious difference in forming the spiral-coil between the
flexible and semiflexible long chains. These findings qual-
itatively support the speculation on the formation of the
spiral-coil and illustrate that complex dynamics in living
systems can emerge from simple physical interactions.
The presentation of this research will be organized as
follows. Section II introduces the model and methods
used in this study. Section III shows the results of the
Brownian dynamics simulation, including the properties
of the short-chain-only system and phase diagrams of the
spiral-coil formation in the mixture system. Section IV
discusses the theoretical analysis of the simulation re-
sults, and the mechanisms involved in the spiral-coil for-
mation. Finally in Section V we conclude this article by
summarizing what we have learned from this study re-
garding the formation of the spiral-coil and the generic
properties of active matter.
II. MODEL AND METHODS
Before we present the detail of the model and methods,
we shall address the assumptions made in the present
work. First we assume that hydrodynamic flows are ir-
relevant in this system. The locomotion of swarming
bacteria are usually confined between a stress-free air-
liquid interface and a porous liquid-solid interface (e.g.
an agar plate). The thickness of the liquid layer is in the
order of 1–10 µm, comparable to the typical cell length
of bacteria. These boundary conditions are drastically
different from that of free-swimming bacteria. The flag-
ella might interact with these boundaries, and the for-
mation of the flagella bundle would be interrupted such
that the force-dipole approximation of a swimming bac-
terium could break down; in such a scenario, a realistic
model might involve a higher-order multipole or a mul-
tipole expansion, where the flow velocity should decay
with the distance r faster than that of the force-dipole,
vf(r) ∝ r−2. Experimental evidence shows that the hy-
drodynamic flow field indeed decays rapidly around the
peritrichous bacteria in the proximity of a no-slip sur-
face [23, 24]. This suggests that persistent swimming
and steric forces are predominant factors to determine
the bacterial locomotion in the swarm.
Based on this assumption, the viscous medium merely
dissipates energies through the drag, and the momentum
is not conserved in the system. Such a system corre-
sponds to the active dry system discussed in Ref. [9].
In the meantime, we consider a regime of low Reynolds
numbers (Re) in which the characteristic length scale is
in the order of 1–100 µm, the volumetric mass density
and viscosity is the same as water, and the velocity is in
the order of 10 µm/s, namely, Re ∼ 10−4 to 10−6.
Second, the absence of the hydrodynamic interaction
means that the motility of the bacteria cannot be de-
scribed by either the momentum transmission from the
rotating flagella or the force-dipole approximation men-
tioned above. The simplest way to model the motile bac-
teria, therefore, is to assume the active propulsion acting
on the cell body as if it were an external force in the same
way as the gliding bacteria [9]. We further assume the
propulsion uniformly distributes on the cell body, has a
constant magnitude, and points along the local tangen-
tial direction towards one specific end as the leading end,
which means that the chain is polarized. In the swarm
of V. alginolyticus there should be no physiological dis-
tinction for both ends of each bacterium and thus no
preference to which way the bacterium is moving. How-
ever, the bacteria consistently move with one end as the
leading end in the experiments except that occasionally
a few bacteria fully stop and reverse the direction after
meeting obstacles. Hence we reckon that it is appropri-
ate to model the bacteria as polar chains to capture the
3FIG. 1. Schematic diagram of the model chain and snapshots
of initial conditions. (a) The light blue (light gray) color no-
tifies that the bead is the leading end. θb is the bending angle
between two bonds, and f is the magnitude of propulsion, act-
ing along the local tangential direction eˆi towards the leading
end. (b) and (c) are the zoom-in snapshots of initial condition
for the single-chain-only system and the mixture system, re-
spectively. Only five rows with 108 beads in each are shown.
The long chain is colored in black and the white dot denotes
its leading end.
motile behavior observed in the swarm.
Finally, we assume that between the chains there is
only the excluded volume interaction, which plays impor-
tant roles in the dynamics of active matter [6–9]. We can-
not entirely rule out other effects that resemble attraction
in a real biological system, for example, the entanglement
of lateral flagella in the swarm of V. alginolyticus. Nev-
ertheless, we specify that the exclude volume interaction
is the only interaction between the chains in this work
as it appears to be the most significant effect observed in
the experiments [19, 24].
A. Brownian Dynamics Simulation
In this work a chain is modeled by N connected beads,
each of which has a diameter b. We are concerned with
the position of beads in each chain over time, denoted as
Ri(t) for the position of the bead i ∈ {1, 2, · · · ,M} with
M being the total number of beads. Fig. 1(a) shows the
schematic diagram of the model chain.
As we are examining a regime of low Reynolds num-
bers, the time evolution of Ri(t) is described by the over-
damped Langevin equation
ζ
dRi
dt
= fi(t) + ξi(t)−∇iUb −
M∑
j=1
j 6=i
∇iUW(rij)
−
∑
j′∈Ip
j′=i−1,i+1
∇iUF(rij′), (1)
where ζ is the friction constant, fi(t) is the active propul-
sion exerted on the bead, ξi(t) is the random force, Ip is
a set of bead indices designated to the chain p such that
i ∈ Ip, and Ub, UW and UF are the interaction poten-
tials that depend on the bead positions. Note that rij
(or rij′) denotes the separation between the bead posi-
tions Ri and Rj (or Rj′). Since the bead is moving in a
quasi-two-dimensional space and the hydrodynamic flow
is absent, the bead follows Stokes’ law and thus ζ = 3pibη,
where η is the viscosity of water.
The active propulsion is simply fi(t) = f eˆi(t), where f
is the constant magnitude and the tangential unit vector
eˆi(t) is defined as
eˆi(t) ≡ Ri+1 −Ri−1‖Ri+1 −Ri−1‖ (2)
for the non-end beads. As for both of the ends, we define
the unit vector eˆTi ≡ (Ri+1 −Ri)/ ‖Ri+1 −Ri‖ for the
tailing end and eˆLi ≡ (Ri −Ri−1)/ ‖Ri −Ri−1‖ for the
leading end, respectively.
The random force ξi(t) is attributed to the rapid, ran-
dom collisions of medium molecules upon the bead. It
is characterized by a Gaussian probability distribution,
as usual, with the zero mean 〈ξiα(t)〉 = 0 and the cor-
relation function 〈ξiα(t)ξjβ(t′)〉 = 2ζkBTδijδαβδ(t − t′),
where the index α and β denote the component of the
coordinates, kB is the Boltzmann constant, and T is the
temperature.
The interaction potentials represent three different
kinds of interactions: the short-ranged excluded volume
interaction (UW), the bonding to maintain the integrity
of the chain (UF), and the bending elasticity (Ub). The
excluded volume interaction is formulated by the Weeks-
Chandler-Andersen (WCA) potential [25]
UW(r) =
{
4ε
[(
b
r
)12 − ( br )6]+ ε for r < 21/6b
0 for r ≥ 21/6b,
(3)
where r is the separation between two beads and ε is
the well depth, which has been set to equal kBT in the
simulation.
In this work we apply the finitely-extensible nonlinear
elastic (FENE) model [26] instead of the simpler har-
monic spring to the bond between beads in a chain. The
FENE potential is
UF(r
′) =
{ − 12kR20 log[1− (r′/R0)2] for r′ < R0∞ for r′ ≥ R0,(4)
4where r′ is the separation between two connected beads,
k is the elastic constant, and R0 defines the limit of the
extensibility of bond. With a careful choice of k and R0,
in addition to the WCA potential, the chain will robustly
avoid crossing itself or the others.
Finally, the elastic bending energy is given by
Ub =
1
2
klθ
2
b, (5)
where the bending modulus kl = lpkBT/2b with lp being
the persistence length [27], and θb is the bending angle.
We calculate the bending angle between two consecutive
bonds by θb = cos
−1[R′ ·R′′/(‖R′‖ ‖R′′‖)], where R′ =
Ri −Ri−1 and R′′ = Ri+1 −Ri, respectively.
B. Simulation Conditions
The simulation was employed with periodic boundary
conditions in a square space of the size L = 240 µm. We
arranged all the chains compactly into rows of beads as
the initial condition, and each row contained 192 beads.
The initial distance between beads was 1.12b, the effec-
tive range of the WCA potential. The diameter of beads
had been set to be b = 1 µm, but consecutive in-chain
beads were allowed to overlapped during the simulation
due to the combination of the WCA and FENE potential.
All the chains were aligned parallel to the horizontal axis.
The initial polarity of the single long chain (N = 96)
was fixed while that of the short chains (N = 4) were
randomly assigned. The long chain occupied half of the
row at the center of the space and it was sandwiched by
an equal number of rows of short chains on both sides.
The other half of the central row was filled in with short
chains as well. For the short-chain-only simulation, the
whole central row was filled in with only short chains; see
Fig. 1(b) and (c).
The number density of the short chains can be ex-
pressed by either the number of chains per unit area ρ
or the fraction of projected area occupied by the short
chains over the total area L2. We will use the area frac-
tion C to express the density of the short chains. These
two quantities can be easily converted to one another by
C = pib2ρ for N = 4. In the simulation we set the number
of short chains by the number of rows in the initial con-
dition, as shown in Fig. 1(b) and (c). We used C = 0.0,
2.2, 4.3, 8.0, 13.2 and 26.3% for the mixture system while
in the short-chain-only simulation we used C = 26.4%.
The other key parameter of this research is the bend-
ing modulus kl, or equivalently the persistence length lp
under a fixed temperature. Here we categorize a chain
with lp/b ≥ N/2 as semiflexible and lp/b < N/2 as flexi-
ble, respectively, according to the difference between the
contour length and the Kuhn length 2lp [27]. For the
short-chain-only simulation, we tested lp/b = 2, 20, 40,
80, 120 and 160. As the cluster properties could depend
on the bending elasticity of the short chains, we would
prefer to reduce the complication in the mixture system
in order to focus on examining the dynamics of the long
chain. As a result, for the mixture system, the persis-
tence length of the short chains was kept as lp/b = 20
or 120 while that of the long chain was set as lp/b = 2,
20, 40, 60, 80, 100, 120, 160 and 200 to cover both the
flexible and the semiflexible regime.
The thermal fluctuations were subject to the thermal
energy kBT = 4.12 pN·nm, corresponding to a temper-
ature 25◦C. The friction constant ζ was given by the
Stokes’ drag with the water viscosity η = 8.9 × 10−4
Pa·s at 25◦C. The propulsion magnitude f was kept at
0.2 pN based on the experimental estimation of the flag-
ellar motor thrusting force [28] and the density of flag-
ella on a swarming V. alginolyticus. The elastic constant
k = 0.742 pN/µm and R0 = 1.25 µm were set for the
FENE potential throughout the simulation.
C. Cluster Identification
DBSCAN is a clustering algorithm based on local den-
sity and allows the existence of noise points. The min-
imum local density is determined by two parameters:
the searching radius and the minimum points inside the
searching circle. The algorithm starts from an arbitrary
point, then the searching is spread out to other neighbor-
ing points to reach the required density. After scanning
all of the points, the connected searching circles are re-
garded as one cluster, and the points with a local density
lower than the minimum density are the noises. The
clustering is based on the expansion of small searching
circles, thus the cluster can be any shape composed by
searching circles.
The cluster identification in our system is a spatiotem-
poral problem, in which self-propelled chains gather to-
gether in space, and move towards the same direction.
DBSCAN plays the role of spatial clustering method.
However, with only spatial information we cannot dis-
tinguish two close clusters with the opposite direction of
motion. As a result, in the process of expanding DB-
SCAN cluster, we also required that the angular devia-
tion of the velocity between neighboring chains had to be
less than 30◦. In the cluster identification we used the
center of mass to represent the position of each chain.
Meanwhile, in order to identify the free-roaming chains,
namely, individual chains not being parts of any cluster,
we deliberately set the minimum points as 2. In this
way, the noise point in the original DBSCAN would be
regarded as a cluster composed of one single chain. For
the searching radius, we set it as 2 µm as a tolerant con-
dition. Finally, the direction of velocity was averaged
over a time window of 50 ms.
D. Criteria of Identifying Spiral-Coils
We define the spiral-coil as a spiral conformation that
steadily rotates on a time scale exceeding other charac-
5teristic times of the dynamics, such as the characteristic
rotation time τr (see Section III). The identification of
a spiral-coil from other conformations is crucial to in-
vestigating the effects of kl and C upon its formation.
Although an ideal spiral-coil can be mathematically ap-
proximated by the Archimedean spiral, in practice the
long chain does not always form a perfect one, especially
with a high area fraction of the short chain. In order to
proceed the investigation, we identify the spiral-coil by
the criteria as follows.
First, its radius of gyration Rg shall be less than 20 µm
and remain constant over time. In addition to the perfect
configuration, a spiral-coil sometimes encloses a number
of the short chains between the rounding threads. This
will increase the size of the spiral-coil to be larger than
an Archimedean spiral. Since a spiral must be smaller
than the circle in the same contour length, we set this
upper limit for Rg based on the circular conformation of
the long chain with a margin of tolerance.
Second, its end-to-end distance shall remain constant
over time. In some cases the conformation is not a spiral
yet it has a Rg that passes the criterion above. Nonethe-
less, the end-to-end distance of these cases usually varies
in different ways from that of the spiral-coil. The end-
to-end distance of a spiral-coil measures the distance be-
tween the leading end trapped at the center and the tail-
ing end. Since we expect that the conformation is main-
tained for a long time, its end-to-end distance shall be
constant as well. This criterion excludes those compact
conformations of which the leading end is not trapped
inside the spiral.
Third, its end-to-end vector shall rotate at a constant
angular velocity over time. The angular velocity is mea-
sured by plotting the cumulative polar angle of the end-
to-end vector versus time as a continuous curve. We
quantify the stability of the angular velocity by the Pear-
son correlation of the cumulative polar angle and the
time. The correlation coefficient during the rotation of a
spiral-coil shall be greater than 0.98.
Finally, a conformation shall pass all of the three crite-
ria for a time span of one second or more to be identified
as a spiral-coil.
III. RESULTS
A. Dynamics of Short-Chain-Only System
We first investigate the collective motility of the short-
chain-only system. We aim to learn the cluster forma-
tion in these monodisperse system as the basis before we
move on to examine the bidisperse mixture system. Even
though we focus on specific conditions that are relevant to
the bacterial swarm, some of the results presented in this
subsection can be directly compared with those presented
in Refs. [20, 21]. More detailed information regarding the
dynamics of self-propelled semiflexible filaments is given
in these two papers.
FIG. 2. Mean-squared angular deviation of the end-to-end
vector of the short chains. 〈∆θ2〉 can be well fitted by the
linear relationship 〈∆θ2〉 = 2Drτ , where Dr decreases with
the increasing lp. The inset shows that the distribution of the
angular deviation about the straight conformation resembles
a Gaussian distribution.
Fig. 2 is a log-log plot that shows the mean-squared an-
gular deviation of the end-to-end vector 〈∆θ2〉 versus the
lag time τ . The data can be well fitted by 〈∆θ2〉 = 2Drτ ,
where Dr is the rotation rate. The inset of Fig. 2 shows
that the orientation of the end-to-end vector approxi-
mately follows a Gaussian distribution, where the center
corresponds to the straight conformation. It is notable
that the rotation rate Dr decreases with the increasing
persistence length lp, and it is one to two orders larger
than that of passive, phantom chains (see Fig. 3). These
results suggest that the self-propelled chains significantly
deviate from the prediction of the equipartition theorem
[18].
The mean-squared displacement (MSD) of the center
of mass 〈∆r2〉, shown as a log-log plot in Fig. 4, exhibits a
crossover from the ballistic movement on the short time
scales to the diffusive motion on the long time scales.
Interestingly, the behavior of these short chains is very
similar to the persistent random walk of active Brownian
particles in two dimensions. The MSD in Fig. 4 qualita-
tively follows the relationship
〈∆r2〉 =
{
4Dτ + 〈u2〉τ2 for τ  τr(
4D + 〈u
2〉
Dr
)
τ for τ  τr, (6)
where u is the velocity, D is the translational diffusion
coefficient, and τr ≡ 1/Dr is the characteristic rotation
time [29]. In our system the active propulsion domi-
nates over the translational diffusivity (characterized by
the Pe´clet number Pe ∼ 102 for the short chain), hence
the quadratic term is dominant in the regime τ  τr.
This crossing-over behavior is consistent with the results
shown in Refs. [20, 21].
Like many other systems of self-propelled objects, the
6FIG. 3. Rotation rate of chains with the corresponding per-
sistence length. Dr is obtained by fitting 〈∆θ2〉 = 2Drτ from
three types of simulation conditions: Active referring to the
typical clustered short chains as shown in Fig. 2, Isolated Ac-
tive referring to isolated self-propelled short chains, and Pas-
sive Phantom referring to isolated short chains without the
propulsion. The prediction of Eq. (14) agrees with the iso-
lated active chains very well except the very flexible ones.
FIG. 4. Mean-squared displacement of the center of mass
of the short chains. The MSD clearly crosses over from a
ballistic regime (∝ τ2) to a diffusive one (∝ τ). Note that in
the diffusive regime the curves separate from each other with
the various lp. The MSD can be qualitatively described by
Eq. (6).
simulated system also features the giant number fluctu-
ation of local chains under certain conditions. In ther-
modynamic equilibrium the variance of local chain num-
bers shall scale with the mean number over an arbitrary
area of linear size a as ∆n2 = 〈[n(a)− n¯(a)]2〉 ∼ n¯(a)2γ ,
where n¯(a) = ρa2 and γ = 1/2. In an active system
it is usually found that ∆n scales with n¯(a) faster than
1/2 [10]. Fig. 5 demonstrates the scaling behavior of ∆n
FIG. 5. Fluctuations of the local number of chains. At a high
lp the short chains exhibit the giant number fluctuations as
the polar self-propelled rods. However, softer chains do not
appear to follow a simple power law as their stiffer counter-
parts.
versus n¯(a) with various persistence length lp under the
same area fraction. With the increasing lp, the exponent
γ monotonically increases from 0.55 ± 0.01 (lp = 20b)
to 0.7158 ± 0.0007 (lp = 160b). The result with the
longest persistence length is close to the predicted ex-
ponent 0.8 for polar self-propelled rods [12, 30], which
are not bendable at all (i.e. lp → ∞). In the meantime,
the fitted γ is consistent with the result of the interme-
diate Pe´clet number shown in Fig. 10 of Ref. [21]. An-
other notable point shown in Fig. 5 is the curve of the
softer chains (lp = 2b, 20b and 40b) do not appear to fol-
low a simple power law; the attempt of fitting the curve
for the case lp = 2b resulted in an anomalous exponent
γ = 0.30± 0.01.
Another important feature found in the simulated sys-
tem is the scale-free distribution of cluster sizes. The
clusters were identified by the algorithm DBSCAN, as
described in Section II. Fig. 6 shows a log-log plot of the
probability of finding a cluster that contains m chains,
P (m). Probability distribution of cluster sizes follow-
ing a simple power law has been observed in the sim-
ulation of self-propelled particles/rods [11–13]. On the
other hand, Peruani et al. study collective motion in
colonies of gliding bacteria Myxococcus xanthus and pro-
pose that the steady-state cluster size distribution, equiv-
alent to P (m) here, can be fitted by the form P (m) ∝
m−γ0 exp(−m/m0), where m0 is supposed to be a func-
tion of area fraction [30]. Neither of the proposed form
fits our results as each curve in Fig. 6 is characterized by
two distinct exponents for small and large clusters, re-
spectively. Determining the exact scaling behavior would
require thorough investigation over a large extent of the
parameter space, which is beyond the scope of this ar-
ticle. What being relevant in Fig. 6 is that the decay
of P (m) depends on the persistence length lp; fitting
7FIG. 6. Cluster size distribution of the short chains. The dis-
tribution does not follow a simple power-law decay as the self-
propelled particles/rods reported in the literature. Nonethe-
less, for the intermediate to large clusters the distribution can
be fitted by power-laws with a varying exponent depending
on lp. The softer the chains are, the less likely one finds them
forming large clusters.
for the intermediate and large cluster sizes (m > 3) by
P (m) ∝ m−γc results in γc = 1.30± 0.04 (lp = 160b) and
γc = 2.70 ± 0.10 (lp = 2b), respectively. Therefore, with
the decreasing persistence length, it is less likely to find
the chains forming large clusters.
B. Mixture of Single Long Chain and Background
Short Chains
Fig. 7 demonstrates the phase diagrams of the prob-
ability of forming the spiral-coil and the snapshot of a
few representative conformations of the long chain for
different conditions. The left two snapshots in Fig. 7(a)
are of a single long chain without any background short
chain. The flexible long chain is able to self-fold into the
spiral-coil [31] due to its very low bending modulus and
the serpentine locomotion. However, with the increasing
bending modulus, it is more difficult for the long chain to
fold itself. The right two snapshots in Fig. 7(a) represent
a common scenario at large C in which the long chain is
surrounded by a large number of the short chains, trans-
versely and rotationally moving together as a cluster. In
comparison with the spiral-coil in the monodisperse sys-
tem, the topological constraints due to the surrounding
short chains is not as drastic as the surrounding long
chains in Ref. [21], because individual short chains are
able to move away from the clusters by collisions or the
rotational diffusivity.
It is notable that even though the persistence lengths
in the right two cases are significantly different, the semi-
flexible chain exhibits a more compact conformation than
the flexible one. In particular, the local radius of curva-
FIG. 7. Phase diagrams of the probability of forming the
spiral-coil and snapshot of a few representative long chains.
The color of each block notifies the probability corresponding
to the persistence length lp of the long chain and the area
fraction C of the background short chains. Note that the
persistence length of the background short chains is fixed as
(a) lp = 120b and (b) lp = 20b, respectively, throughout the
simulation of the mixture.
ture of the semiflexible chain is an order smaller than its
persistence length lp = 200b. As the thermal fluctuation
in the lateral direction (perpendicular to the tangential
vector of the curvilinear contour) is too weak compared
with the required bending energy, and there is no attrac-
tion between two arbitrary beads, this result suggests
that the substantial bending is attributed to the collec-
tive motion of the surrounding short chains.
Following the criteria of identifying the spiral-coil in
Section II, we analyze the simulation data and produce
the phase diagrams featuring the probability of forming
the spiral-coil under various lp and C. This probabil-
ity is obtained by computing the proportion of chains
that pass the criteria of the spiral-coil in the ensemble,
of which the size for each simulation condition is 120.
Fig. 7 shows the phase diagrams as color maps, where
in (a) lp/b = 120 and in (b) lp/b = 20 for the back-
ground short chains. The color illustrates the probability
of forming the spiral-coil with the corresponding param-
eters. Semiflexible long chains are able to fold into the
spiral-coil with a sufficiently large number of background
short chains (C ≥ 8.0%), and the probability generally
increases with the increasing number of the short chains.
On the other hand, flexible long chains with lp ≤ 20b
can form the spiral-coil with very few number or none
of the short chains. With a large number of background
short chains (C = 13.2 and 26.3%), the probability of
folding into a spiral-coil is similar between the flexible
and the semiflexible long chains. Overall the trend in
both Fig. 7(a) and (b) is qualitatively the same, but in
the case of Fig. 7(b) the boundary of spiral-coil forma-
tion shifts to higher C and the probabilities of forming
the spiral-coil are lower than that of Fig. 7(a).
8More interestingly, for the chain with lp = 2b the prob-
ability of folding into the spiral-coil first decreases and
then increases with the increasing number of background
chains in Fig. 7(a); the minimal probability occurs at
C = 8.0%. This might be explained by the fact that
the surrounding short chains mediate the excluded vol-
ume interaction as if it were a long-ranged repulsion for
the long chain. This process is analogous to the swollen
polymer chain in a good solvent above the Θ-temperature
[27]; the leading end of the swollen long chain is less likely
to fold into its own contour, resulting in a lower proba-
bility of forming the spiral-coil. However, this argument
requires further investigation to explain why the dip is
absent in the panel (b), and why the stiffer long chains
do not seem to be affected in the same manner.
IV. DISCUSSION
In Section III we have learned that the cluster forma-
tion depends on the persistence length lp. We also have
learned that lp plays an important role in determining
the rotational behavior in the short-chain-only system.
In this section we attempt to analyze the process of form-
ing clusters by considering the balance of chain fluxes in
and out of a cluster, followed by the discussion on why
the area fraction and possibly the bending modulus of
the background short chains are such important factors
to the formation of the spiral-coil.
A. Formation of clusters
Let us consider an arbitrary cluster of m self-propelled
chains that is far away from other clusters. Each of these
chains is constituted of N linked beads. Therefore, the
contour length of the self-propelled chain is l = Nb. For
simplicity let us assume that the cluster is in a circular
shape with a radius Rc. The area A of the cluster is
given by A = piR2c = mNpib
2, thus Rc = b
√
Nm. The
time evolution of the chain number in the cluster can
be calculated by considering the influx and the efflux of
chains.
The influx is provided by the free-roaming chains
around the cluster. Assuming that in a region Ω the
free-roaming chains are uniformly distributed, with an
area density ρf(t), between the cluster periphery and the
boundary of Ω. The rate of joining in the cluster for each
free-roaming chain in this region is lu/b2, where u is the
speed of the free-roaming chain. Although the orienta-
tion of the free-roaming chains relative to the movement
of the cluster would affect the probability of merging with
the cluster, on average this should only contribute to a
pre-factor as the orientation of the free-roaming chains is
expected to be uniformly random. To avoid complication
let us consider the region Ω with a radius Rc + l so that
most of the free-roaming chains are guaranteed to merge
with the cluster. Therefore, the influx is given by
JI ∼ pilu
b2
[(Rc + l)
2 −R2c ]ρf(t). (7)
The efflux is provided only by the peripheral chains in
the cluster, because the inner chains are trapped by the
excluded volume interaction. More precisely, due to the
uniaxial geometry of chains and the resulting alignment,
only the peripheral side chains contribute to the efflux.
The number of these peripheral side chains can be esti-
mated as Rc/l, and the rate of departing from the cluster
is simply their mean angular velocity ω¯. Hence efflux is
given by
JE ∼ ω¯Rc
l
. (8)
If the self-propelled chain were a rigid rod, then the mean
angular velocity would be simply the angular drift veloc-
ity corresponding to the rotational diffusion of the rod.
As for the flexible and the semiflexible chains consid-
ered here, ω¯ should depends on the temperature T and
the bending modulus kl, and it can be calculated from
the root-mean-squared angular deviation obtained in the
simulation.
Combining Eqs. (7) and (8), the time evolution of the
number of chains in the cluster is written as
dm
dt
= G
[
2
√
Nρf(t)− ω¯
G
√
N
]√
m+GNρf(t), (9)
where G = piN2bu.
For a steady-state cluster size m∗, the density thresh-
old ρ∗f can be derived by considering the balance between
the influx and the efflux as JI = JE. Hence,
ρ∗f =
ω¯
(2
√
m∗ +
√
N)G
(√
m∗
N
)
. (10)
Whenever ρf(t) < ρ
∗
f , the cluster will begin to reduce
its size until a new steady-state is reached. This re-
sult suggests that a cluster of flexible chains will require
a higher ρf around it to sustain its size, because flexi-
ble chains have a higher mean angular velocity ω¯. The
mean angular velocity ω¯ can be estimated in the follow-
ing way: Fig. 2 shows the mean-squared angular devi-
ation 〈∆θ2〉 = 2Drτ . Therefore the root-mean-squared
angular deviation is given by ∆θrms =
√
2Drτ . By in-
serting the shortest time scale in the simulation, namely,
the size of a time step h, into the lag time τ we obtain
the mean angular velocity as
ω¯ =
∆θrms
h
=
√
2Dr
h
. (11)
This is consistent with the results of our simulation
shown in Fig. 6 as those flexible chains are less likely
forming large clusters than the stiffer ones under the
same condition. In turn these smaller clusters reduce
9the capability of short chains to fold the long chain, as
demonstrated in Fig. 7(a) and (b).
However, analytically deriving the general form of ρf(t)
is difficult for that chain exchanges also happen across
the boundary of Ω. In fact over the whole space the area
density of free-roaming chains should have been written
as a function of position and time as ρf(x, t). In an active
system it is known that the number fluctuation can be
significant as demonstrated in Fig. 5, thus the area den-
sity of free-roaming chains will not be uniform for a wide
range of length scales. Moreover, the spatial and tempo-
ral evolution of ρf(x, t) also depends on the size and the
position of clusters, and the interactions between clusters
such as merging two clusters after collision further com-
plicates the calculation. A detailed derivation of ρf(x, t)
is far beyond the scope of this article. Nonetheless, based
on the results presented in Section III and the analysis
above, we can summarize that the persistence length and
the density of the self-propelled chains indeed play major
roles in determining the size of clusters.
B. Bending of the Long Chain
A perfect spiral-coil can be approximately represented
by the Archimedean spiral in the polar coordinates (ex-
cept near the origin due to the volume exclusion) as
rA = bφ/2pi, where rA is the radial distance and φ the
polar angle. According to the worm-like chain model,
the elastic bending energy per unit arc length of the
Archimedean spiral is
δEub(φ) =
pi2lpkBT
b2
[
(φ2 + 2)2
(φ2 + 1)3
]
, (12)
which is monotonically decreasing with the increasing φ,
and it can be seen as the upper bound of the elastic
bending energy per unit arc length.
Meanwhile, the lower bound can be taken by consid-
ering the long chain to adopt a circular conformation Π,
because folding into a spiral-coil always requires smaller
radii of curvature than the radius of such a circle. Hence
the lower bound of the elastic bending energy per unit
arc length to form a spiral-coil is given by
δElb =
pi2lpkBT
N2b2
. (13)
For isolated long chains, δElb is a particularly informa-
tive measure to show why the very soft chain is able to
self-fold into a spiral-coil. In these cases (i.e. C = 0.0%)
the thermal fluctuation perpendicular to the local tan-
gential direction contributes to the bending, whilst the
active propulsion is acting along the local tangential di-
rection and has no contribution at all. The total bending
energy of the circular chain is Elb = δE
l
bNb. Comparing
this quantity with the thermal energy scale 12kBT , one
shall find that for a chain to bend into a circle solely by
the thermal fluctuation, the persistence length has to be
smaller than Nb/2pi2. Taking the long chain in the sim-
ulation (N = 96) as an example, the persistence length
of a self-folding spiral-coil would be lp < 4.86b.
In the other cases with the presence of the short chains,
the bending of stiffer chains must be facilitated by colli-
sions between the long chain and clusters of short chains.
Whenever the long chain is undergoing the spiral-coil
formation, the local bending energy δEb(s, t) must be
between the interval δElb < δEb(s, t) < max{δEub(φ)},
where s is the curvilinear coordinate along the long
chain. It is notable that δElb is ∼ N2 times smaller than
max{δEub(φ)}; the longer a chain is, the easier the chain
folds into the spiral-coil. The local bending energy of
a formed spiral-coil, however, primarily depends on the
persistence length, because the term within the brackets
of Eq. (12) is up to the order of unity. Furthermore, the
long chain sometimes can be trapped by its own confor-
mation, and the excluded volume interaction between the
segments sustain the energetically costly bending.
C. Serpentine Locomotion
The most distinguishable characteristics of a self-
propelled chain from the self-propelled particles or rods
is the serpentine locomotion, which displays seemingly
random curved trajectories of displacement. Such a lo-
comotion is resulted from the combination of the bending
flexibility, the tangential propulsion along the conforma-
tion, and the lateral thermal fluctuation of the leading
end. This is analogous to the reptation (a term derived
from the word reptile) of polymer melts, where each poly-
mer chain diffusively moves to and fro along a curvilinear
tube due to the topological constraints of neighboring
polymers [27]. The self-propelled chain, however, ex-
hibits the curvilinear conformation and locomotion be-
cause each segment actively follows the next segment in
the front up to the leading end, which is randomly ex-
ploring a circular sector in its front. In other words, this
is truly a snake-like motion.
The major consequence of the serpentine locomotion
upon the dynamics of self-propelled chains is as follows.
The leading end freely explores a circular sector in its
front unless there is obstacle blocking the way. Hence
these chains change their courses even without colliding
into other chains. How much the leading segment devi-
ates from the straight conformation is determined by the
lateral thermal fluctuation against the bending elastic-
ity. Without long-ranged interaction or force from the
other chains, the correlation of the unit tangential vector
q(s, t) between the curvilinear position s and s′ shall be
〈q(s, t) · q(s′, t)〉 = exp(−|s − s′|/lp). Since the chain is
in a regime where the active transportation is dominant
against the translational diffusion, one can estimate the
rotation rate as
Dr =
1
τr
=
u
lp
≈ f
3piηblp
. (14)
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This prediction agrees with the simulation of isolated
short chains very well for high persistence lengths, as
shown in Fig. 3. However, it overestimates the value for
the flexible chains. The discrepancy might be caused by
the volume exclusion between beads, which reduces the
bending as if it were increasing the persistence length.
In the cases where lp → ∞ or f → 0, τr becomes too
long and irrelevant, and the rotational diffusivity would
instead determine the rotational relaxation time. For
example, the rotational relaxation time for an isolated
self-propelled rod (assuming propulsion acting along the
long axis) [27] on a plane is expected to be
τ ′r ∼
ηl3
kBT log(l/b)
, (15)
which would be significantly longer with a long contour
length than that of the self-propelled chain.
D. Trapped Leading End and the Resulting
Spiral-Coil
The serpentine locomotion can be drastically influ-
enced by the presence of other self-propelled chains. For
example, when the leading end collides into an obstacle
(e.g. a cluster of chains, or even the chain itself), the
propulsion from the segments behind temporarily bend
the bonds, and the leading end turns to move along the
interface of the obstacle until it deviates away from the
interface on the time scale τr. Therefore, in a crowded
environment, the leading end of a long chain can be easily
trapped between obstacles.
The formation of the spiral-coil is a peculiar example
of such trappings. As discussed in Section IV B, once
the leading end of a long chain is forced to turn into
a tighter conformation than the circle Π, it often slides
along the inner side of the chain. This results in smaller
free space in the middle of the conformation, and gradu-
ally the leading end keeps moving further into the center.
Eventually the chain is self-packed as if it were coiled by
a cable coiler.
This ordered conformation is very different from a col-
lapsed polymer chain, say, in poor solvents, because the
latter is disorderedly folded into a compact conformation.
However, the spiral-coil is not always perfectly formed
such that we could not simply use the Archimedean spi-
ral to identify it. The long chain is also an obstacle for
the short chains. As a result, at a high C the long chain
is often accompanied by a number of short chains, mov-
ing in the same direction with the local segment of the
long chain, as shown in Fig. 7(a).
In Section IV B we also have discussed that the en-
ergetic cost of bending a long chain can be too high
for spontaneously forming a spiral-coil if the persistence
length is long. For these cases, the spiral conformation is
maintained due to the excluded volume interaction from
the short chains moving together with the rotating spiral,
especially from those outsides the most outer thread. The
clusters formed in the simulation are usually locked by
the splay or wedge alignment of short chains. Such forma-
tions generate forces inwards to compensate the energetic
penalty of bending and to prevent the folded long chain
from unfolding. In addition these bead-forming chains ef-
fectively have higher friction than smooth bending rods
when they are in contact due to the locked-in beads. As
a result, a well-formed spiral-coil in the simulation rarely
unfolds unless it is intervened by the collisions from an-
other cluster that removes the constraints. Therefore,
the properties of clusters, such as the size distribution
and the number fluctuation, is crucial for the formation
and the persistence of the spiral-coil. And these proper-
ties, as demonstrated in the simulation results, depend
on the bending modulus of the self-propelled chain.
V. CONCLUSIONS
In this article we have studied the effects of bending
modulus and number density on the collective behavior
of self-propelled chains and the formation of the spiral-
coil. Our results show that, other than the number den-
sity, the bending modulus also plays an important role
in the cluster formation and the giant number fluctua-
tion of self-propelled chains. We find that the properties
of clusters and the bending modulus essentially deter-
mine whether the self-propelled long chain mixed with
the short chains folds into the spiral-coil. In particu-
lar, we also find that at a high number density of the
background short chains, the probability of forming the
spiral-coil is similar between the flexible and semiflexible
long chains; both exhibit similar conformation in spite
of the different bending moduli. The results support the
previous speculation on the formation of the spiral-coil in
the swarm of V. alginolyticus. They also exemplify that
it may be inadequate to derive the mechanical properties
of a biopolymer in an active system simply by measuring
its bending, as shown by the example of microtubules in
Ref. [32].
As far as the generic properties of active matter are
concerned, our simulation shows some unexpected results
that require further investigation in order to understand
their sources. First, the number fluctuation for the flexi-
ble chains shown in Fig. 5 does not follow a simple power-
law as those semiflexible cases. We are not aware of any
theory to explain this behavior. Second, even though
we have derived a simple theory to explain the smaller
size of clusters among flexible chains, it does not explic-
itly predict the curves shown in Fig. 6. In the mean-
time, the mutual locking of chains in a cluster due to the
bead-chain construct might be effectively an attraction
between chains that have been overlooked in this article.
Particularly at a high area fraction, the inward forces
to keep a cluster from falling apart was enhanced in the
simulation. Therefore, this could explain why the results
presented in this article are different from those of the
experiment of M. xanthus reported in Ref. [30].
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